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Abstract
The notions of quasi-1 convexity, weak quasi-convexity and weak quasi-invexity are introduced. The relations among strict
quasi-preinvexity, weak quasi-invexity and pseudo-invexity for a nonsmooth function are studied by means of the properties of the
Clarke’s generalized subdifferential. As an application of the main results in this work, the relations among quasi-1 convexity, strict
quasi-convexity, weak quasi-convexity and pseudo-convexity are established.
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1. Introduction
It is well known that convexity of an objective function is a common assumption made in mathematical
programming. In recent years, several extensions and generalizations have been considered for classical convexity.
A significant generalization of convexity was invexity introduced by Hanson [1], in which it is shown that the
Kuhn–Tucker conditions are sufficient for (global) optimality of nonlinear programming problems. More recently,
properties and applications of generalized preinvexity and generalized invexity were studied by many authors; see, for
example, [2–6] and references therein. Yang et al. [2,4] and Garzo´n et al. [3] studied the relations between generalized
invexity of a differentiable function and generalized invex monotonicity of its gradient mapping. Fan and Guo [5]
established the relations between generalized α-preinvexity and generalized α-invexity for a differentiable function.
Jabarootian and Zafarani [6] researched into the relations between generalized invexity of a non-differentiable function
and generalized invariant monotonicity of its Clarke’s generalized subdifferential mapping. Damaneh [7] studied
the relations between quasi-convexity and pseudo-convexity of a nonsmooth function with the aid of the limiting
subdifferential.
Inspired and motivated by works of Jabarootian and Zafarani [6] and Damaneh [7], in this work, we will introduce
the concepts of quasi-1 convexity, weak quasi-convexity and weak quasi-invexity and then study the relations among
strict quasi-preinvexity, weak quasi-invexity and pseudo-invexity of a nonsmooth function by means of the Clarke’s
generalized subdifferential. As an application of the main results of this work, we will establish the relations among
quasi-1 convexity, strict quasi-convexity, weak quasi-convexity and pseudo-convexity.
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2. Preliminaries
Let X be a real Banach space endowed with a norm ‖ · ‖ and X∗ its dual space with a norm ‖ · ‖∗. Let 2X∗ ,
〈·, ·〉, [x, y] and (x, y) denote the family of all nonempty subsets of X∗, the dual pair of X and X∗, the line segment
for x, y ∈ X and the interior of [x, y], respectively. Let K be a nonempty open subset of X , η : X × X → X a
vector-valued mapping, which is not necessarily continuous, and f : K → R a nonsmooth function.
Let f be locally Lipschitz continuous at x ∈ K and v any other vector in X . The Clarke’s generalized directional
derivative of f at x in the direction v is defined by
f 0(x; v) = lim sup
y→x,t↓0
f (y + tv)− f (y)
t
.
The Clarke’s generalized subdifferential of f at x is defined by
∂c f (x) = {ξ ∈ X∗ : f 0(x; v) ≥ 〈ξ, v〉,∀v ∈ X}.
Lemma 2.1 ([8]). Let f be locally Lipschitz continuous with rank L at x ∈ K. Then:
(i) f 0(x; v) is upper semicontinuous as a function of (x, v).
(ii) ∂c f (x) is a nonempty convex weak*-compact subset of X∗ and ‖ ξ ‖∗ ≤ L for all ξ ∈ ∂c f (x).
Lemma 2.2 (Mean-value Theorem [8]). Let x, y ∈ X and f : X → R be Lipschitz continuous near each point
of a nonempty closed convex set containing the line segment [x, y]. Then there exists a point u ∈ (x, y) such that
f (x)− f (y) ∈ 〈∂c f (u), x − y〉.
Definition 2.1 ([9]). K is said to be an invex set with respect to η if
x + tη(y, x) ∈ K , ∀x, y ∈ K , t ∈ [0, 1].
From now on, unless otherwise specified, we assume that K is a nonempty open invex set with respect to η.
Definition 2.2. Let ∂c f (x) 6= ∅ for all x ∈ K . f is said to be:
(i) [6] quasi-preinvex with respect to η on K if, for any x, y ∈ K and any λ ∈ [0, 1],
f (x + λη(y, x)) ≤ max{ f (x), f (y)},
(ii) strictly quasi-preinvex with respect to η on K if, for any x, y ∈ K : f (x) 6= f (y) and any λ ∈ (0, 1),
f (x + λη(y, x)) < max{ f (x), f (y)},
(iii) [6] quasi-invex with respect to η on K if, for any x, y ∈ K ,
f (x) ≤ f (y)⇒ ∀ξ ∈ ∂c f (y) : 〈ξ, η(x, y)〉 ≤ 0,
(iv) weakly quasi-invex with respect to η on K if, for any x, y ∈ K ,
f (x) ≤ f (y)⇒ ∃ξ ∈ ∂c f (y) : 〈ξ, η(x, y)〉 ≤ 0,
(v) pseudo-invex with respect to η on K if, for any x, y ∈ K and any ξ ∈ ∂c f (y),
〈ξ, η(x, y)〉 ≥ 0⇒ f (x) ≥ f (y),
or equivalently, f (x) < f (y)⇒ 〈ξ, η(x, y)〉 < 0.
Remark 2.1. (i) If f is a differentiable function, quasi-invexity and weak quasi-invexity are no different.
(ii) Strict quasi-preinvexity implies quasi-preinvexity if:
(a) η(x, x) = 0,∀x ∈ K .
(b) f (x) = f (y)⇔ x = y,∀x, y ∈ K .
(c) f (x + η(y, x)) ≤ f (y),∀x, y ∈ K .
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Definition 2.3. Let K be a nonempty convex set and ∂c f (x) 6= ∅ for all x ∈ K . f is said to be:
(i) quasi-convex on K if, for any x, y ∈ K and any λ ∈ [0, 1],
f (x + λ(y − x)) ≤ max{ f (x), f (y)},
(ii) strictly quasi-convex on K if, for any x, y ∈ K : f (x) 6= f (y) and any λ ∈ (0, 1),
f (x + λ(y − x)) < max{ f (x), f (y)},
(iii) quasi-1 convex on K if, for any x, y ∈ K ,
f (x) ≤ f (y)⇒ ∀ξ ∈ ∂c f (y) : 〈ξ, x − y〉 ≤ 0,
(iv) weakly quasi-convex on K if, for any x, y ∈ K ,
f (x) ≤ f (y)⇒ ∃ξ ∈ ∂c f (y) : 〈ξ, x − y〉 ≤ 0,
(v) pseudo-convex on K if, for any x, y ∈ K and any ξ ∈ ∂c f (y),
〈ξ, x − y〉 ≥ 0⇒ f (x) ≥ f (y),
or equivalently, f (x) < f (y)⇒ 〈ξ, x − y〉 < 0.
Remark 2.2. (i) When η(x, y) = x − y for all x, y ∈ K , (strict) quasi-preinvexity, quasi-invexity, weak quasi-
invexity and pseudo-invexity are equivalent to (strict) quasi-convexity, quasi-1 convexity, weak quasi-convexity
and pseudo-convexity, respectively.
(ii) Strict quasi-convexity implies quasi-convexity if f (x) = f (y)⇔ x = y,∀x, y ∈ K .
3. Strict quasi-preinvexity and weak quasi-invexity
In this section, we study the relations among strict quasi-preinvexity, weak quasi-invexity and pseudo-invexity of
the function f . For this purpose, we need the following assumption:
(A) For any x, y ∈ K and any λ ∈ [0, 1], one has{
η(x, x + λη(y, x)) = −λη(y, x),
η(y, x + λη(y, x)) = (1− λ)η(y, x).
Recently, Yang et al. [4] have shown that if η satisfies assumption (A), then
η(x + λη(y, x), x) = λη(y, x), ∀x, y ∈ K , λ ∈ [0, 1].
Let f be locally Lipschitz continuous on K with rank L . The following lemma is a direct consequence of
Lemma 2.1 and the definition of ∂c f (x).
Lemma 3.1. If a sequence {(xn, ξn)} ⊆ K×∂c f (xn) satisfies limn→∞(xn, ξn) = (x, ξ) and x ∈ K, then ξ ∈ ∂c f (x).
Theorem 3.1. Let η satisfy assumption (A). If f is quasi-invex with respect to η on K , then it is strictly quasi-preinvex
with respect to η on K .
Proof. By contradiction, assume that there exist x, y ∈ K and λ ∈ (0, 1) such that f (x) < f (y) and f (xλ) ≥ f (y),
where xλ = x + λη(y, x). Since f is locally Lipschitz continuous on K , it is continuous and then for any µ ∈ (0, 1),
we can deduce that limµ→1 f (xλ + µη(x, xλ)) = f (x) < f (y),lim
µ→0 f (xλ + µη(x, xλ)) = f (xλ) ≥ f (y).
Consequently, there exists δ ∈ (0, 1) such that
f (xλ + µη(x, xλ)) ≥ f (y), ∀µ ∈ (0, δ) (3.1)
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and f (xλ + δη(x, xλ)) < f (y) ≤ f (xλ). For line segment [xλ + δη(x, xλ), xλ], by the mean-value theorem, there
exist α ∈ (0, δ) and ξα ∈ ∂c f (xα) such that
f (xλ)− f (xλ + δη(x, xλ)) = δλ〈ξα, η(y, x)〉 > 0,
that is
〈ξα, η(y, x)〉 > 0, (3.2)
where xα = xλ + αη(x, xλ).
On the other hand, by (3.1), we have f (xα) ≥ f (y). From the quasi-invexity of f , it follows that
〈ξα, η(y, xα)〉 = 〈ξα, η(y, xλ + αη(x, x + λη(y, x)))〉
= 〈ξα, η(y, x + λ(1− α)η(y, x))〉
= 〈ξα, (1− λ+ αλ)η(y, x)〉
= (1− λ+ αλ)〈ξα, η(y, x)〉
≤ 0.
Consequently, 〈ξα, η(y, x)〉 ≤ 0, which contradicts (3.2). Hence, the assertion of the theorem holds. 
Theorem 3.2. If f is quasi-preinvex with respect to η on K , then it is weakly quasi-invex with respect to η on K . But
the converse is not true.
Proof. Let x, y ∈ K be such that f (y) ≤ f (x). By the quasi-preinvexity of f , we have f (xλ) ≤ f (x) for any
λ ∈ (0, 1), where xλ = x + λη(y, x). For line segment [x, xλ], by the mean-value theorem, there exist αλ ∈ (0, λ)
and ξαλ ∈ ∂c f (xαλ) such that f (xλ)− f (x) = λ〈ξαλ , η(y, x)〉 ≤ 0, that is,
〈ξαλ , η(y, x)〉 ≤ 0, (3.3)
where xαλ = x + αλη(y, x).
If λ ↓ 0, then αλ ↓ 0 and xαλ → x ∈ K . By Lemma 2.1, {ξαλ} is a bounded sequence and then has a convergent
subsequence. Without loss of generality suppose that limαλ↓0 ξαλ = ξ . From Lemma 3.1 and (3.3), it follows that
ξ ∈ ∂c f (x) and 〈ξ, η(y, x)〉 ≤ 0, which shows that f is weakly quasi-invex with respect to η on K . 
Example 3.1. Let K = R. For any x, y ∈ K , let f (x) = x and
η(x, y) =
−1, x < y,0, x = y,1, x > y.
Then K is an invex set with respect to η and ∂c f (x) = { f ′(x)} = {1} for all x ∈ K . For any x, y ∈ K , we can deduce
that
f (x) ≤ f (y)⇒ η(x, y) ≤ 0⇒ 〈 f ′(y), η(x, y)〉 = η(x, y) ≤ 0,
which indicates that f is weakly quasi-invex with respect to η on K .
On the other hand, taking arbitrarily x ∈ K and λ ∈ (0, 1) and letting y = x + λ2 , we have
f (x + λη(y, x)) = x + λ > x + λ
2
= max{ f (x), f (y)},
which shows that f is neither quasi-preinvex nor strictly quasi-preinvex with respect to η on K .
The rest of this section discusses a relation between strict preinvexity and pseudo-invexity. Firstly, we state and
prove the following lemma.
Lemma 3.2. If there exist x, y ∈ K such that 〈ξ, η(x, y)〉 > 0 for all ξ ∈ ∂c f (y), then there exists µ0 ∈ (0, 1) such
that f (y + µ0η(x, y)) > f (y).
1116 L. Fan / Applied Mathematics Letters 21 (2008) 1112–1117
Proof. Let x, y ∈ K be such that 〈ξ, η(x, y)〉 > 0 for all ξ ∈ ∂c f (y). For any µ ∈ (0, 1) and line segment
[y + µη(x, y), y], by the mean-value theorem, there exist λµ ∈ (0, µ) and ξλµ ∈ ∂c f (y + λµη(x, y)) such that
f (y + µη(x, y))− f (y) = µ〈ξλµ , η(x, y)〉. (3.4)
If µ ↓ 0, then λµ ↓ 0 and y+λµη(x, y)→ y ∈ K . By Lemma 2.1, {ξλµ} has a convergent subsequence {ξλµ′ } such
that ξλµ′ → ξ . Let {y + λµ′η(x, y)} be a subsequence of {y + λµη(x, y)} corresponding to {ξλµ′ }. From Lemma 3.1
and (3.4), it follows that ξ ∈ ∂c f (y) and
lim
µ′↓0
(y + µ′η(x, y))− f (y)
µ′
= lim
λµ′↓0
〈ξλµ′ , η(x, y)〉 = 〈ξ, η(x, y)〉 > 0.
Hence, there exists µ0 ∈ (0, 1) such that f (y + µ0η(x, y)) > f (y). 
Theorem 3.3. Let η satisfy assumption (A). If f is pseudo-invex with respect to η on K , then it is strictly quasi-
preinvex with respect to η on K .
Proof. By contradiction, assume that there exist x, y ∈ K and λ ∈ (0, 1) such that f (x) < f (y) and
f (yλ) ≥ f (y), (3.5)
where yλ = y + λη(x, y). For yλ and x , by the pseudo-invexity of f , we have
〈ξλ, η(x, yλ)〉 = (1− λ)〈ξλ, η(x, y)〉 < 0, ∀ξλ ∈ ∂c(yλ),
that is, 〈ξλ, η(x, y)〉 < 0 for all ξλ ∈ ∂c(yλ). Consequently,
〈ξλ, η(y, yλ)〉 = −λ〈ξλ, η(x, y)〉 > 0, ∀ξλ ∈ ∂c(yλ). (3.6)
Again by the pseudo-invexity of f , we get f (y) ≥ f (yλ), which together with (3.5) indicates that f (y) = f (yλ). 
On the other hand, by (3.6) and Lemma 3.2, we know that there exists µ0 ∈ (0, 1) such that
f (yλ + µ0η(y, yλ)) > f (yλ) = f (y).
By the pseudo-invexity of f , for yλ + µ0η(y, yλ) and y, we have
〈ξµ0 , η(y, yλ)+ µ0η(y, yλ)〉 = −λ(1− µ0)〈ξµ0 , η(x, y)〉 < 0, ∀ξµ0 ∈ ∂c(yλ + µ0η(y, yλ))
and for yλ + µ0η(y, yλ) and yλ, we have
〈ξµ0 , η(yλ), yλ + µ0η(y, yλ)〉 = λµ0〈ξµ0 , η(x, y)〉 < 0, ∀ξµ0 ∈ ∂c(yλ + µ0η(y, yλ)).
Proceeding to the next step, we can deduce that 〈ξµ0 , η(x, y)〉 > 0 and 〈ξµ0 , η(x, y)〉 < 0, which is a contradiction.
Hence, the conclusion of the theorem holds.
The results in this section show that under proper assumptions,
quasi- ⇒ strict quasi- ⇒ quasi- ⇒ weak quasi-
invexity preinvexity preinvexity invexity
⇑
pseudo-invexity
.
4. Quasi-1 convexity and weak quasi-convexity
As an application of results given in Section 3, in this section, we study the relations among quasi-1 convexity, strict
quasi-convexity, weak quasi-convexity and pseudo-convexity of the function f . Let K be a nonempty open convex
set and f be locally Lipschitz continuous on K with rank L .
If η(x, y) = x − y for all x, y ∈ K , Theorems 3.1–3.3 reduce to the following Theorems 4.1–4.3, respectively.
Theorem 4.1. If f is quasi-1 convex on K , then it is strictly quasi-convex on K .
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Theorem 4.2. If f is quasi-convex on K , then it is weakly quasi-convex on K .
Theorem 4.3. If f is pseudo-convex on K , then it is strictly quasi-convex on K .
The results in this section show that under proper assumptions,
quasi-1 ⇒ strict quasi- ⇒ quasi- ⇒ weak quasi-
convexity convexity convexity convexity
⇑
pseudo-convexity
.
The following two examples show that the concept of weak quasi-convexity is meaningful. It is different from
quasi-1 convexity and quasi-convexity.
Example 4.1. Let K = R and, for any x ∈ K ,
f (x) =
x, x > 0,1, x = 0,−2, x < 0.
Then K is a nonempty open convex set and
∂c f (x) =
{1}, x > 0,R+ ∪ {+∞}, x = 0,{0}, x < 0,
where R+ = {x ∈ R : x ≥ 0}. Let us have x, y ∈ K such that f (x) ≤ f (y). Then:
(i) when y ≥ 1, one has x ≤ y; consequently, there exists 1 ∈ ∂c f (y) such that 〈1, x − y〉 ≤ 0;
(ii) when 0 < y < 1, one has x ≤ y and x 6= 0; consequently, there exists 1 ∈ ∂c f (y) such that 〈1, x − y〉 ≤ 0;
(iii) when y = 0, one has x ≤ 1; in this case, there exists 0 ∈ ∂c f (y) such that 〈0, x − y〉 = 0;
(iv) when y < 0, one has x < 0; in this case, there exists 0 ∈ ∂c f (y) such that 〈0, x − y〉 = 0 and therefore, f is
weakly quasi-convex on K .
On the other hand, taking x = 12 , y = 0 and 1 ∈ ∂c f (y), we have f (x) < f (y) and 〈1, x − y〉 = 12 > 0, which
indicates that f is not quasi-1 convex on K .
Example 4.2. Let K = R and, for any x ∈ K ,
f (x) =
x, x > 0,2, x = 0,−2, x < 0.
Then K is a nonempty open convex set and
∂c f (x) =
{1}, x > 0,R+ ∪ {+∞}, x = 0,{0}, x < 0.
Like in Example 4.1, we can show that f is weakly quasi-convex on K .
On the other hand, taking x = −1, y = 1 and λ = 12 , we have max{ f (x), f (y)} = 1 and f (x + λ(y − x)) = 2 >
max{ f (x), f (y)}, which indicates that f is not quasi-convex on K .
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